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Abstract: We consider the high energy limit of the colour ordered one- loop five-gluon 
amplitude in the planar maximally supersymmetric N = 4 Yang-Mills theory in the multi- 
Regge kinematics where all of the gluons are strongly ordered in rapidity. We apply the cal- 
culation of the one- loop pentagon in D = 6 — 2e performed in a companion paper [1] to com- 
pute the one- loop five-gluon amplitude through to 0(e 2 ). Using the factorisation properties 
of the amplitude in the high-energy limit, we extract the one-loop gluon-production vertex 
to the same accuracy, and, by exploiting the iterative structure of the gluon-production 
vertex implied by the BDS ansatz, we perform the first computation of the two-loop gluon- 
production vertex up to and including finite terms. 
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1. Introduction 



The colour-stripped one-loop five-gluon MHV amplitude in the planar maximally super- 
symmetric N = 4 Yang- Mills theory to all orders in e is given by [2, 3], 

"«? (1,2, 3, 4, 5) =4£ si2S2 3 /4 lm (l,2,3,45,e) - l ei234 / 5 6 -^( e ) , (1.1) 

cyclic 

where m^ 1 ' denotes the one-loop coefficient, i.e., the one-loop amplitude rescaled by the 
tree-level amplitude, and where the cyclicity is over i = 1,...,5. Here l\ m {l, 2, 3, 45, e) 
represents the one-mass box integral with an off-shell leg of virtuality S45, /|~ 2e (e) is the 
(massless) one-loop pentagon integral evaluated in 6 — 2e dimensions, and the contracted 
Levi-Civita tensor is €1234 = tr [75/^1^2^3 In a companion paper [1], we have performed 
the first analytic computation of the higher dimension pentagon, /| _2e (e), albeit in the 
simplified kinematical set-up of the multi-Regge kinematics [4]. In this limit, we have 
derived / 5 6 ~ 2e (e) as an all-order expression in e, and explicitly expanded it through to 
0(e 2 ). 

In the high-energy limit (HEL) s 3> \t\, any scattering process is dominated by the 
exchange of the highest-spin particle in the crossed channel. Thus, in perturbative QCD the 
leading contribution in powers of s/t to any scattering process comes from gluon exchange 
in the t channel. In this limit, scattering amplitudes undergo a Regge factorisation [4, 5] 
which allows an amplitude for gluon exchange to be decomposed in terms of building blocks 
associated with the various components of the amplitude. In the simplest case of four-gluon 
scattering, one exchanges a reggeised gluon (representing a gluon ladder) that is emitted 
from one scattering vertex and absorbed at the other. This emission is described by the 
coefficient function or impact factor. For processes involving more gluons, additional gluons 
are emitted by the gluon ladder and this emission is controlled by the gluon-production (or 
Lipatov) vertex. Using the high-energy factorisation for colour-stripped amplitudes [6, 7], 
we can relate the one-loop gluon-production vertex in the N = 4 super Yang-Mills theory 
to the one-loop five-gluon amplitude given in Eq. (1.1) and extract it through to 0(e 2 ). 

Recently, Bern, Dixon and Smirnov (BDS) have proposed an iterative ansatz [8, 9] 
for the ^-loop n-gluon scattering amplitude in the maximally supersymmetric N = 4 
Yang- Mills theory (MSYM), with the maximally-helicity violating (MHV) configuration 
and for arbitrary I and n. The iterative structure of the BDS ansatz has been shown to 
be correct for the two-loop five-point amplitude through direct numerical calculation [3]. 
Together with the high-energy factorisation, that implies an iterative structure of the 
gluon-production vertex [7]. Thus, the knowledge of the one- loop gluon-production ver- 
tex through to 0(e 2 ), allows us to perform the first computation of the two- loop gluon- 
production vertex up to and including the finite terms. 

Our paper is organised as follows. In Section 2 we consider the five-point amplitude 
in the multi-Regge kinematics. First we make a precise definition of the multi-Regge 
kinematics and review how the tree- level MHV amplitude factorises in the high energy limit. 
The factorisation properties of the five-gluon amplitude are described in Section 2.2 and the 
relationship between the one-loop amplitude and the one-loop Lipatov vertex established. 
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We remind the reader of the iterative structure of the Lipatov vertex in Section 2.3 while 
its analytic continuation properties are discussed in Section 2.4. In Section 3 we present 
the one-loop five-point amplitude through to 0(e 2 ) and use it to compute the one-loop 
gluon-production vertex through to C(e 2 ) in Section 4 where we find contributions from 
both the parity-even and parity-odd parts. In Section 5 we compute the two-loop gluon- 
production vertex through to finite terms. Our findings are briefly summarised in Section 6. 
Some of the technical details are enclosed in the Appendices. Further details on the multi- 
parton light-cone momenta and how they behave in the multi-Regge kinematics are given in 
Appendices A and B, while the soft limit of the one-loop Lipatov vertex is further discussed 
in Appendix C. 

2. Five-point amplitudes in multi-Regge kinematics 

We consider a five-point amplitude, g\ g 2 — > g% 54 55 , with all the momenta taken as outgo- 
ing, and label the legs cyclically clockwise. In the multi-Regge kinematics [4], the produced 
particles are strongly ordered in rapidity and have comparable transverse momenta, 

2/3 > 2/4 > 2/5; |P3±| - \P4±\ - \P5±\ ■ (2-1) 

Accordingly, the Mandelstam invariants can be written in the approximate form (B.3)*. 
We label the momenta transferred in the t-channel as 

qi = Pi + P5 , Q2 = ~P2 ~ Ps , (2.2) 

with virtualities U = qf. Then it is easy to see that in the multi-Regge kinematics the 
transverse components of the momenta % dominate over the longitudinal components, 
Qi — ~ \li±\ 2 - I n addition, t\ = S15 and t 2 = S23> and we label s = s\ 2 , and s\ = S45, 
S2 = S34. Thus, the multi-Regge kinematics (2.1) become 

s > si, s 2 > -h, -t 2 . (2.3) 

Labelling the transverse momentum of the particle emitted along the ladder as k 
we can write 

si s 2 

k = , 

s 

which is known as the mass-shell condition (B.4). 

2.1 Tree amplitudes in multi-Regge kinematics 

The colour decomposition of the tree-level five-point amplitude is [10] 

Mf (1,2,3,4,5) =2 5 / 2 Y, tr(T*...r*)m< 0) (1,2,3, 4,5), (2.5) 

where d{ is the colour of a gluon of momentum pi and helicity fj. The T's are the colour 
matrices^ in the fundamental representation of SU(iV) and the sum is over the noncyclic 

*A physically more intuitive representation of the invariants in terms of rapidities is given in Ref. [7]. 
^We use the normalization tr(T c T d ) = 8 cd /2, although it is immaterial in what follows. 
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= \P4±\\ 

(2.4) 
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Figure 1: Five-point amplitude in the multi-Regge kinematics. The green blobs indicate the 
coefficient functions (impact factors) and the vertex describing the emission of gluons along the 
ladder. 



permutations S5/Z5 of the set [1, . . . , 5]. For five gluons, there are only MHV helicity config- 
urations (— ,—,+,+, +) for which the tree-level gauge-invariant colour-stripped amplitudes 
assume the form 

(PiPj) 4 



m 



(0) 



(1,2,3,4,5) =g" 



(2.6) 



(piP2}(P2P3}(P3Pi)(P4P5}(P5Pl) ' 

where i and j are the two gluons of negative helicity. The colour structure of Eq. (2.5) in 
multi-Regge kinematics is known [11, 12, 13] and will not be considered further. Here we 
concentrate on the behaviour of the colour-stripped amplitude (2.6). Using the spinor prod- 
ucts in multi-Regge kinematics (B.5), the amplitude (2.6) takes the factorised form [12], 



m 



(0) 



(1,2,... ,5) 



cr(°)( 



P2,P3j 



1 

~2 



F (0)( 



1 

h 



C (o)( 



Pups) 



(2.7) 



which is shown schematically in Fig. 1. 

The gluon coefficient functions C^°\ which yield the LO gluon impact factors, are 
given in Ref. [4] in terms of their spin structure and in Ref. [12, 14] at fixed helicities of 
the external gluons, 



C7(°)( P2 ,p+) = l C^(p I ,pi) = ^ 

P5± 



with the complex transverse momentum p± 
gluon along the ladder is [12, 15, 16] 



p x + ip y . The vertex for the emission of a 



y(°)( 



Q2,qi,K) 



V2 



Pal 



(2.9) 



with P4 = q2 — q\. 



2.2 High-energy factorisation of the five point amplitude 

The Regge factorisation of the tree- level colour-stripped amplitude is given by Eq. (2.7). In 
the leading logarithmic (LL) approximation, the virtual radiative corrections to Eq. (2.7) 
are obtained, to all orders in a s , by replacing the propagator of the i-channel gluon by its 
reggeised form [4]. That is, by making the replacement 

1 1 (Si\<x(ti) 
U U\T. 



(2.10) 
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in Eq. (2.7), where a(ti) can be written in dimensional regularization in d = 4 — 2e dimen- 
sions as 

a(t i )=g 2 c r (±) N*, (2.11) 



with N colours, and 

i r(i + e)r 2 (i 

(4vr) 2 - e r(l - 2e) 

a(tj) is the Regge trajectory and accounts for the higher order corrections to gluon exchange 
in the U channel. In Eq. (2.10), the reggeisation scale r is introduced to separate contribu- 
tions to the reggeized propagator, the coefficient function and the gluon-production vertex. 
It is much smaller than any of the s-type invariants, and it is of the order of the i-type 
invariants. In order to go beyond the LL approximation and to compute the higher-order 
corrections to the gluon-production vertex (2.9), we need a high-energy prescription [5] 
which disentangles the virtual corrections to the gluon-production vertex from those to 
the coefficient functions (2.8) and from those that reggeize the gluon (2.10). The high- 
energy prescription of Ref. [5] is given at the colour-dressed amplitude level in QCD, where 
it holds to the next-to-leading-logarithmic (NLL) accuracy. In Ref. [6], we showed that 
the high-energy prescription, when applied to the colour-stripped four-point amplitude, is 
valid up to three loops. In Ref. [7], we conjectured the factorised form of a generic colour- 
stripped n-gluon amplitude in the multi-Regge kinematics. For the five-point amplitude, 
9i 92 -»■ 93 94,95, that prescription yields 

1 /_ S2 W*2) i /_ Sl \ Q (*i) 

m 5 = s[gC(p 2 ,p 3 ,r)] — [ — ) \gV(q 2 ,qi,K,T)] — I — \ [g C(pi,p 5 , r)] , 

(2.13) 

with the invariants labelled as in Section 2, i.e. t\ = S51, t 2 = S23, s\ = S45 and s 2 = S34. 
In Eq. (2.13), we suppressed the dependence of the coefficient function and of the gluon- 
production vertex on the dimensional regularisation parameters fi 2 and e. In order for the 
amplitude ms to be real, Eq. (2.13) is taken in the Euclidean region where all the invariants 
are negative, 

s,si,s 2 ,ti,t 2 ,K < 0. (2-14) 
Thus, the multi-Regge kinematics (2.3) become, 

-s» -S!,-s 2 » -h,-t 2 . (2.15) 

Then the mass-shell condition (2.4) for the intermediate gluon is 

-K = tlllhfA t (2 . 16) 

where k = — |P4_l | 2 • 

In Eq. (2.13), the Regge trajectory has the perturbative expansion, 

a(t t ) = fa^iU) + g 4 a (2 Hu) + g'a^iU) + 0(f) , (2.17) 
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with i = 1,2, and with the rescaled coupling 

g 2 =g 2 c r N. (2.18) 

In Eq. (2.13), the coefficient functions C and the gluon-production vertex V are also ex- 
panded in the rescaled coupling, 

/ s-1 \ 



C( Pl ,p 3 ,r) = C^( Pi , Pj ) \ l + Yj 2r C^\t k ,r) + 0(g 2s )j , (2-19) 
V(q 2 , qi ,K,r) = V^(q 2 , qi ) ( 1 + £ g 2r V^(h, t 2 , k, t) + 0(g 2s )) . 



r=l 



with (pi+Pj) 2 = tk where C and V are real, up to overall complex phases in Eq. (2.8), 
and V(°\ Eq. (2.9), induced by the complex- valued helicity bases. Note that because several 
transverse scales occur, we prefer to associate the renormalisation scale dependence of the 
trajectory, coefficient function and gluon-production vertex with the loop coefficients rather 
than in the rescaled coupling, 



(2 \ nt / 2 \ nt 

^-J C<«>(t fc>T ) = ^L_J CW(t fc ,r), 

/ 2 \ ne 

V^(t 1 ,t 2 ,K,T)=(^-) V^(h,t 2 ,K,T). (2.20) 

The perturbative expansion of Eq. (2.13) can be written as 

m 5 = m f (\ + g 2 m W + 5 4 m f + ^ 6 m f + 0(^ 8 )) . (2.21) 

In the expansion of Eq. (2.21), the knowledge of the /-loop five-point amplitude in the multi- 
Regge kinematics (2.15), together with the /-loop trajectory a® and coefficient function 
C^ l \ allows one to derive the gluon-production vertex to the same accuracy. The one- loop 
coefficient is 

m « ( e ) = [t^ + a« (t 2 )L 2 + C« ( tl ,r) + (t 2 ,r) + V™ ( h ,t 2 , K , r) . (2.22) 
where L« = ln(— Sj/r) and 7 = 1,2. The one-loop trajectory is [4], 

= - , (2.23) 
and the one-loop coefficient function is [5, 17, 18, 19, 20, 21] to all orders in e given by 

c w ftT) _«i±±^rtzi>±m-ii n =i. p.24) 

e e r 

bmce ; and cWft , r) are known to all orders in e, we see that the order to which (e) 
is known dictates the order to which one may extract V^ n \ti,t 2 , k,t). 
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Similarly the two-loop coefficient of the five-point amplitude is 



mf\e) 



ml (e 



+ a^(t l )L 1 + a^(t 2 )L 2 (2.25) 
+ (t l , t) + V™ (t ! , t 2 , k, r ) + (t 2 , r) 
- \ (CPHtuT)) 2 - \ (vW( tll t^r)) 2 - i (C«(t 2 ,r)) 2 , 

where m^e), CW(t,T) and (ti,<2, n,r) must be known through to 0(e 2 ). The two- 
loop trajectory, a {2 \ is known in full QCD [22, 23, 24, 25, 26]. In MSYM, it has been 
computed through 0(e°) directly [27] and using the maximal trascendentality principle [28], 
and through 0(e 2 ) directly [6], 



a {2) = ~ ~ 2Cs - 8C 4 e + (36C 2 Cs + 82Cs)e 2 + 0(e 3 ) . 
The MSYM two- loop coefficient function has been computed through 0(e 2 ) [6], 



(2.26) 



C( 2 )(*,r) = 4 + ^>- 



e 4 ' e 3 r 



55 



1 



- — C4+ C2C3-41C 5 + C4ln— e 



5C2 _ i n ^ _ - - Ca + 2C 2 ln— - 



-t 



A l 



95 AZ 



1695 



Ce + (I8C2C3 + 42C 5 ) In — ) e 2 + 0(e 3 



(2.27) 



2 L 



+ %+(C3 + C 2 ln- 



A 1 



-t 



+ Csln 19C 4 + 4C 4 ln 2^3 - 39C 5 e 



/ 1773 —A 

- f 48CI + — Ce + (I8C2C3 + 41C 5 ) In - e 2 + 0(e 3 ) . 

Armed with this knowledge together with the two- loop amplitude, mf\e), one could 
extract the two-loop Lipatov vertex. However, as we showed in Ref. [7], the Lipatov vertex 

(2) 

satisfies its own iterative formula, and one can avoid needing to know m\ (e). 
2.3 The two-loop five-point amplitude and the BDS ansatz 

In the normalization of Refs. [6, 7], the iterative structure of the two-loop five-point am- 
plitude in the N = 4 super Yang-Mills theory is given by [8, 9] 



"4 2) ( e ) = § [™5 ±; ( e ) 



1 



.CO, 



+ 



2G 2 (e) 
~G(2e) 



/ (2) (e) m^ 1) (2e) +AConst^ + 0(e) , 



where Const^ = — C|/2, the /( 2 ) function is 



and 



G(e) 



f (2 \e) = -( 2 -( 3 e-Ue 2 , 
e~ 7 T(l - 2e) 



r(l + e)r 2 (l-e) 



l + 0(e 2 ), 



(2.28) 

(2.29) 
(2.30) 
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and where the one-loop five-point amplitude, m^\e), must be known through to 0{e 2 ). 
In Ref. [3], the two-loop five-point amplitude has been shown to fulfil the BDS ansatz by 
the numeric calculation of m^\e) through to 0{e 2 ) and of rn§\e) though to finite terms. 

In Ref. [6], the iterative structure [8, 9] and the Regge factorisation of the two- loop 
four-point amplitude have been used to write the two-loop Regge trajectory and coefficient 
function through to finite terms in terms of the constant Const^ 2 \ the function f^ 2 \ and 
of the one-loop coefficient function C^\e), 

a (2 \e) =2/^(e)a (1) (2e) +0(e), 

C (2) (e) = 1 (e) j 2 + ^) ;(2) (e) C (D (2e) + 2 Const (2) + 0{eh ( 2 - 31 ) 



G(2e) 



where the one-loop coefficient function C^\e) is needed through to 0(e 2 ), and where we 
stress only the dependence on the dimensional-regularisation parameter e. 

Combining Eq. (2.31), the iterative structure of the two-loop five-point amplitude (2.28), 
and the constant term of the high-energy expansion (2.25), one can find an iteration formula 
for the two-loop gluon-production vertex [7], 

y(2) (e) = 1 \ V ^\e)X + / (2) ( £ ) ( 2 -32) 



2 



G(2e) 



where the one- loop gluon-production vertex must be known through to 0(e 2 ). Note that 
in order to compute the two-loop gluon-production vertex through to finite terms, it is 
not needed to know the two-loop five-point amplitude or the two-loop coefficient function 
explicitly. It suffices to know the one- loop five-point amplitude through to 0(e 2 ), from 
which one can derive the one-loop gluon-production vertex to the same accuracy. 

2.4 Analytic continuation of the five-point amplitude to the physical region 

We analytically continue the high-energy prescription for the colour-stripped amplitude 
(2.13) to the physical region, where s,s±,S2 are positive and ti,t 2 are negative, 

(_ a )_> e -iT Sj (_ 5l )_ e -iir Slj (_ a2 )_> e -i* S2) (2.33) 

and where the multi-Regge kinematics are 

s > si, s 2 > -h, -t 2 - (2.34) 

Eq. (2.33) implies that Eqs. (2.22) and (2.25) are continued by ln(— Sj) = ln(sj) — iir, for 
Sj > and j = 1,2. The mass-shell condition (2.16) and the analytic continuation (2.33) 
imply that the transverse scale k is continued as, 

{-K)^e~ in K, (2.35) 

and the mass-shell condition is reduced to the usual one in the physical region, Eq. (2.4). 
Note that the expansions of Eqs. (2.17)-(2.20) are still valid, but because of the analytic 
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continuation on k, which implies that ln(— k) = ln(/t) — iir, for k > 0, the gluon-production 
vertex becomes complex, 

(2 \ ne 
^) V^ s (h,t 2 ,K,T), (2.36) 



with 

'phys 



V^l(h,t2, k, r) = V™ (ti, t 2 , e--(-K), r) . (2.37) 



3. The one-loop five-point amplitude 

We may write the one-loop five-point amplitude (1.1) for general kinematics as, 

m«(l,2,3,4,5) =771^(1,2,3,4,5) + m«(l, 2, 3,4, 5) , (3.1) 
where the parity-even and odd contributions are given to all orders in e by [2, 3], 



m 



(1, 2, 3, 4, 5) = ~ 2 G(e) £ si2S 23 / 4 lm (l, 2, 3, 45, e) , (3.2) 

cyclic 

41(1,2,3,4,5) = - € -2G(e)e 12U lt 2e (e), (3.3) 

where the cyclicity is over i = 1, . . . , 5. Here l\ m (l, 2, 3, 45, e) is the one-mass box with the 
massive leg of virtuality S45, /| _2e (e) is the pentagon evaluated in 6 — 2e dimensions, the 
contracted Levi-Civita tensor is £1234 = tr [75/61 $2 fa fa], an d we use the normalization of 
Refs. [6, 7], with G{e) as in Eq. (2.30). 

For multi-Regge kinematics (2.15) in the Euclidean region (2.14), the parity-even con- 
tribution is, to all orders in e, 

m£'(l,2,3,4,5) 

= -?(-)' r<1+£)r(1 - £) 

+ -(4-1 (m-H-e)) + - (^-) (2^(l)-3^(-e)+V(l + e)) 



e \—tiJ e \-t 2 



^(^)- 2 , 1 (- £ , 1 , 1 - £ ;|)-^(i|y| 2 , 1 (M + £ , 2 + £ ;|) 



e \— 1\) k e \—t 2 J k 



e \— 1\) t 2 — t\ e \—t 2 J t 2 — t\ ' 

(3.4) 
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for (— <2) > (— ti), an< i 



2-F1 (-e, 1,1 - e;z) 
2 Fi(l,l + e,2 + e;z) 



where Lii(z) = — ln(l — z). The parity-even term for (— 1±) > (—£2) is obtained by ex- 
changing ii and t 2 hi Eq. (3.4). Eq. (3.4) is manifestly real; it is also symmetric in t\ and 
t2, although not manifestly. It can be put in a manifestly symmetric form, at the price of 
introducing imaginary parts, which cancel only after combining all the terms. Eq. (3.4) 
agrees through to O(e ) with the M = 4 part of the one-loop five-gluon amplitude in 
QCD [29] in the multi-Regge kinematics [18]. 

The parity-odd contribution is characterised by the contracted Levi-Civita tensor which 
can be written as, 

£1234 = S12S34 " S13S24 + 514*23 "2(12) [23] (34) [41] . (3.6) 

In the multi-Regge kinematics (2.15) this becomes 

£1234 = (s) (P3±P*4± - P4±P*3±) • (3.7) 

Therefore we see that in the high energy limit, the parity-odd contribution (3.3) is given 
by 

(1,2, 3, 4, 5) =-eG(e)(-s) (p 3±P * 41 _ - p 4± p* 3± ) (j^ V, (3.8) 
where the function V is 

for -yS+yS> iand -*i<-^ 

(3.9) 



l-f>i n (z)e", 



Lii(£) + / Lii(z) _ Li 2 (z) \ £ + f Lig(z) _ Lia(£) ^ g2 



(3.5) 



' Li 3 (z) _ Li 4 (z) \ ^ / Li 5 (z) _ Li 4 (z) \ ^ 4 



' j("«)( Ml ,t 2 ) 

st 2 



V = < 



Sl« 2 
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To all orders in e, l( IIa \K,t 1 ,t 2 ) is [1], 

= ~ y^ r(l - 2e) r(l + e) 2 F 4 (l - 2e, 1 - e, 1 - e, 1 - e; y 2 
+ 1 T(l + e) r(l - e) F 4 (l, 1 - e, 1 - e, 1 + e; y 2 ) 

- \v\vT \ [ ln 2/i +^(1 - e) - V>(-e)] ^4(1, 1 - e, 1 + e, 1 - e; -yi,y 2 ) 



d_ p2 ,i / 1 + 5 1 + 5-e 
+ 35 ^0,2 _ 



1 + (5 1 — e l + e + 5 



- 2/1,2/2 



|<5=0 



+ ^ [lnyi + V(l + e) -V'(-e)] F 4 (l, 1 + e, 1 + e, 1 + e; 



(3.10) 



9 2,1 (1 + 5 1 + 5 + e 



d<5 



0,2 



1 - 
1+5 1+e l+e+5 - 



- 2/1,2/2 



|<5=0 



with 



2/1 = — and y 2 = — , 

*2 *2 



and where we introduced the Appell function 



F 4 (a,b,c,d;x,y) = ^ ^ 



rrt=0 n=0 



(g) m+ra (6) m+w x m 
(c) m (d)n «i! n\ 



and the Kampe de Feriet function 



P p>,q> 



an 



a. 



x,y 



EE 



Wi ( a i) m+n 



j)n x m y n 



^ life KWn (#)m (^)n m! n! ' 



(3.11) 



(3.12) 



(3.13) 



with 1 < i < p, 1 < j < q, 1 < k < p' and 1 < £ < q'. In Ref. [1], l ( - IIa \K,t 1 ,t 2 ) is given 
as a Laurent expansion through to 0(e) in terms of Goncharov's multiple polylogarithms. 

A few comments are in order: Eq. (3.8) starts at 0(e), because Eq. (3.10) is finite: all 
the poles in e cancel. Furthermore, because of the contracted Levi-Civita tensor (3.6) in 
Eq. (1.1), new momentum structures, other than the ones of Eqs. (2.8) and (2.9) , occur 



m m 



(i) 
5 • 



In the region where — \ -rr~ > 1 an d ~~ *i > ~~ *2, which we term lib, X* 776 ) is 

y ^1^2 y ®1*2 

given by [1], 

lV Ib \K,h,t 2 ) = ^T (//a) (K,t 2 ,ti) (3.14) 

Cl 

In Eq. (3.9), l^(K,h,t 2 ) can be derived from I^ IIa \K, t\,t 2 ) by means of an analytic 
continuation, as detailed in Ref. [1], where it is also given explicitly to all orders in e, as well 
as a Laurent expansion through to 0(e) in terms of Goncharov's multiple polylogarithms. 
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3.1 Soft limit 



As discussed in Ref. [1], the limit in which the intermediate gluon becomes soft, p4 — ► 0, 
and thus k — > 0, t\ — > t and t 2 — > i, is realised in the regions IIo and 7/6 of Eq. (3.9). 
Thus, 



hm r4] (1,2, 3,4,5) =eG(e) 



2^ («,*)■ 



(3.15) 



l( TI \K,t) is obtained from Eq. (3.10) by taking the limits ti — > i and £2 - ► i- Because 
l( n \K,t) is logarithmic in the parity-odd contribution is power suppressed and thus 
vanishes as — > 0. Therefore the soft limit of the full one-loop five-point amplitude is 
given solely by the soft limit of the parity-even contribution, 



hm 971^(1,2,3,4,5) 



7re 



(3.16) 



2 (u 2 Y f ... s\ 1 /V , 

sin(7re) 

Using Eq. (C.7), we see that Eq. (3.16) fulfills the soft limit of the one-loop five-point 
amplitude in the multi-Regge kinematics (C.4). 



4. The one-loop gluon-production vertex 

In order to compute the one-loop gluon-production vertex, we use Eq. (2.19) and subtract 
the one-loop trajectory (2.23) and coefficient function (2.24) from the one-loop five-point 
amplitude (2.22) and (3.4). Thus, we obtain the gluon-production vertex, 

V (1) (t 1 , t 2 , r, k) = VP (t ! , t 2 , r, k) + VP (t 1 , t 2 , k) , (4.1) 

in terms of parity-even and odd contributions, 

VP (h ,t 2 ,r,K) = mg> (1, 2, 3, 4, 5) - a« (tx)Li - a« (t 2 )L 2 - C« (h , r) - C« (t 2 , r) , 



vP(h,t 2 ,K) =m£ ) (l,2,3,4,5). 



(4.2) 



Because the high-energy coefficient functions and the Regge trajectory are parity-even, the 
parity-odd part of the one-loop gluon-production vertex equals the parity-odd part of the 
five-point amplitude (3.8), and accordingly does not depend on the factorisation scale r. 
Using Eq. (2.20), in the unphysical region (2.14) the parity-even contribution is, to all 
orders in e, 

VP(h,t 2 ,T, K) 



= --^r(l + e)r(l-e) 



, K 

' 1 iT 



^(1)-0(1+«Q , l [n -*i 
e e t 



+ 



1 



^1 U, 1, 1 



~"t 2 



1 



In h In 

r 



*l-*2 



^(1) -,/,(-€) | 1^-^ 

e e r 

| 2Fl ( M + e ' 2 + 4 



(4.3) 
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Using Eqs. (2.20) and (3.8), the parity-odd contribution is, to all orders in e, 
V ^(h,t 2 ,K) = -eG(e)(-s) {P3±pl± ~ P4±P* 3 ±) V, 



(4.4) 



with V given by Eq. (3.9), which also cancels the apparent dependence on s above. 

In the soft limit, k — > 0, the parity-even part of the one-loop gluon-production vertex 
(4.3) agrees to all orders in e with the soft limit of the corresponding QCD vertex (C.8). 
As we have seen in Section 3.1, the parity-odd part vanishes. 

By expanding Eq. (4.3) through to C(e 2 ), and labelling the coefficients of the terms of 
0(e) as 



VCi(ti,t 2 ) 
VC 2 (ti,t 2 ,r) 



C3 - Li 3 



t2 



r 2 



+ C2 
2 _i l 



T T 6 T 



V03(tl , t2 , T)= ' ln 3^ ln ^_l ln ^_J iln ^ 



4 — fa 
T 



4(,^_,^)( Li2 (| |+Ci 



(4.5) 



the even part of the one-loop Lipatov vertex becomes 



VP{t 1 ,t 2 ,T,K) = ~T{l + e)T{l-e) 
+ 



+ 



K \ I K 



-In— + eVCi(ti,t 2 ) 
e r 



+ e 2 VC 3 (ti,t 2 ,r) + 0(e 3 



(4.6) 



with the expansion of the first term given in Eq. (C.9). 

The expansion of Eq. (4.4) through to C(e 2 ) is provided by the expansion of the func- 
tions l( IIa \K, ti,t 2 ) and J( j )(k, ti,t 2 ) of Eq. (3.9) through to (9(e) in terms of Goncharov's 
multiple polylogarithms [1]. 



4.1 Analytic continuation of the one-loop vertex to the physical region 

Using Eq. (2.37) and the prescription ln(— k) = Itl(k) — in, for k > 0, in the physical region 
where s,s\,s 2 are positive and t\,t 2 are negative, the parity-even part of the one-loop 
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gluon-production vertex (4.3) is 

e,phys V 



\ e ^r(l + e)r(l-e) 



+ 



K 



K 



^(l)-^(l + e) | 1 ln -ti 
e e r 



+ 



-t 2 



^(l)-y,(-e) | l }n -t 2 
e e r 



1 



+ — 2^1 e,l,l-e;-i - -— — — 2 F X 1, 1 + e, 2 + e; -i 



+ 



I t 2 " 



t 2 y e(i + e) v-W *2 
' k . h -t 2 

In Z7r + m 

r r 



Using the identity (C.9) and 

cos(7re) _ , , .„ . , .„ . . 
ire — )— f = 1 + e V 1 - e) - ^(1 + e) , 

the real part of the parity-even one-loop gluon-production vertex becomes 
l + e(^(l-e)-V(l + e)) 



*2 



(4.7) 



(4.8) 



+ 



« Y ^(l)-^(l + e) | l ln -ti^ | f « y ^(l)-^(-6) | l ln -t 2 



K 
~1 



+ -9 -r 2F1 e,l,l-e;r - 



+ 



+ - In- 



t 2 y e(l + e) \-*2/ <2 



— -i 2 Fi l,l + e,2 + e;-i 



+ 



In^ + ln^^ 
r r 



*2 



(4.9) 



which can readily expanded in e like in Eqs. (4.5) and (4.6). 
The imaginary part is given by 



1 + 



K 
~1 



+ 



K 

^i~2 



(4.10) 



Taking into account the sign flip of the spin structure (3.7), the analytic continuation 
of the parity-odd part of the one-loop gluon-production vertex (4.4) is 



where the function Pphys is, 

'^pSWi,^) for -^+y^>land-t 1 <-t 2 , 



(4.11) 



^phys * 



SlS 2 



(4.12) 



2p^ s (Mi,t 2 ) for i;: 



sti 



+ 



— St2 
SlS 2 



< 1. 
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The analytic continuation (2.35) implies that the ratios y± and y 2 , Eq. (3.11), are continued 

as, 



(-m) 



yi, 2/2^2/2, 



(4.13) 



and the functions h, f 2 ) are continued according to Eq. (2.37). Then Eq. (3.10) 

is continued to, 



zfi?(Mi,fc) 



-e™ 1 yj e r(l - 2e) T(l + e) 2 F 4 (l - 2e, 1 - e, 1 - e, 1 - e; - yi ,y 2 ) 



+ e *«_r(l + e)r(l-e)F 4 (l, 



1 - e, 1 - e,l + e;-yi 



,2/2) 



- — (~yi) e 2/ 2 6 { [H-Vi) ~ ™ + - e) - ^(-e)] F 4 (l, 1 - e, 1 + e, 1 - e; -yi, y 2 ) 



d_ „ 2 ,i / l + <5 1 + (5 - e 
55 



l + (5 1-e 1 + e + i - 



-2/1,2/2 



I (5=0 



+ - ("yi)' i [ ln ("2/i) - i7r + ^(1 + e ) - V>(-e)] F 4 (l, 1 + e, 1 + e, 1 + e; -j/i, y 2 ) 



5 2>1 1 + 6 1 + 5 + e 
+ 35 °> 2 - 



1 + J 1 + e 1 + e + 5 - 



2/1,2/2 



I (5=0 



(4.14) 



where the Appell and the Kampe de Feriet functions stay real in the analytic continua- 
tion [1]. Like in the Euclidean region in Section 3, in Eq. (4.14) all the poles in e cancel. 
Eq. (4.14) may be expanded in e in terms of real M functions, introduced in Ref. [1]. 
It could also be expanded in terms of Goncharov's multiple polylogarithms, to the price, 
though, of introducing a complicated and fictitious analytic structure: the Goncharov's 
polylogarithms would occur with several spurious imaginary parts, which ultimately would 
have to cancel in order to respect the fact that the Appell and the Kampe de Feriet func- 
tions are real. 
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Using the identities (4.8) and (C.9), the real part of the function (k, ii,i 2 ) is 

{Ila) 
phys 



Re^wWi,^) 



-Vi 



1 + e(V»(l - e) - ip{l + e)) T(l - 2e) T(l + e) 



r(i-c) 



F 4 (l -2e, 1-e, 1-e, 1-e; -2/1,2/2) 



+ 



1 + e(V»(l - e) - V(l + e)) 



F 4 (l, 1 - e, 1 - e, 1 + e; -2/1,2/2) 



- (— 2/i) e 2/2 " — i [ln(-yi)+^(l-e)-V(-e)] F 4 (l, 1 - e, 1 + e, 1 - e; -2/1, 2/2) 



5_ p2 ,i / 1 + <5 1 + 5 - e 

as 



+ «I F 0,2 



1 

1+5 1-e l+e+5 



2/1,2/2 



|<5=0 



1 



+ - { [H-Vi) + ^(1 + e) - V(-e)] F 4 (l, 1 + e, 1 + e, 1 + e; -2/1, 2/2) 



5 „2i/l + 51 + 5 + e 



+ — F 



1 

1+5 1+e l+e+5 - 



2/1,2/2 



|<5=o 



which, if desired, may be expanded in e in terms of real M functions. 
The imaginary part is 



Im2 £?Mi>*2) 

vr / r(l-2e)r(l + e 



1 — 2e, 1 — e, 1 — e, 1 — e; —2/1 



r(i - e) 

+ F 4 (l, 1 - e, 1 - e, 1 + e; -2/1, 2/2 
+ (-2/i) e 2/2"' ^4(1, 1 - e, 1 + e, 1 - e; -2/1,2/2) 

- ("2/i) e F 4 (l,l + e,l + e,l + e; -2/1, 2/2) I • 



,2/2) 



(4.15) 



(4.16) 



The Appell functions in Eq. (4.16) are all reducible to Gauss' hypergeometric function. We 
find 



7T 



e 2 ^(1,-2/1,2/2) \ 
+ 2F1 ( l,2e,l + e 



f r(l-2e)r(l + e) w 

2/2 r(i-e) — A(1 ' y2) 

(l-Ai)A 2 s 



1 - Ai A 2 
+ i-ViY V? 2F 1 (l, 26, 1 + e; 



(-2/i) e 2^i l,2e,l + e; 



Ai A2 



1 - Ai A 2 



(4.17) 
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where A denotes the Kallen function, X(x, y, z) = x 2 + y 2 + z 2 — 2xy — 2xz — 2yz, and 



Ai = ^— (2/2 - 2/i - 1 + \A(1, -2/1,2/2)) 



A 2 = ^— (2/2- 2/1-1 + y/\(l, -2/1, 2/2)). (4.18) 

^2/2 

The hypergeometric function can be expanded into a Taylor series in e, 

2F1 (1, 2e, 1 + e; z) = 1 - 2 e ln(l - z) + 2 e 2 Q ln 2 (l - z) - Li 2 (z)J + 0(e 3 ). (4.19) 



5. The two-loop gluon-production vertex 

In terms of parity-even and odd contributions, the two-loop gluon-production vertex is 

V (2) (ti , t 2 , r, k) = K {2) (*i , *2 , r, k) + VP {h , * 2 , r, k) . (5.1) 
Using Eq. (4.1) and the iteration formula (2.32), Eq. (5.1) becomes 



+ 



2G 2 (e) 
G(2e) 



/( 2 )( e )Fi 1 )(26) + 0(6), 



K (2) W = v; (1) (6)yi 1 )( e ) + o(e), 



(5.2) 
(5.3) 



where the parity-even and odd parts of the one-loop gluon-production vertex must be 
known through to 0(e 2 ). We used the fact that V^(e) = 0(e), so it does not contribute 
to the square of the one-loop vertex in Eq. (5.2), and to the term proportional to in 
Eq. (5.3). 

In the unphysical Euclidean region (2.14), Eq. (5.2) becomes 



VW(t U t2,T,K) 



2e 4 Vsin(Tre) J G(2e) 
1 



2G 2 (e) /(2) 1 2^e 



4e 2 sin(27re) 



+ ^ln 4 ^-VC 3 (ti,t 2 ,r)+C2ln 2 ^ 



8 t 2 



+ 



+ 



26 + 26 



t 2 

^ 2 ^-(-/ 2 \e) + VC l {t l ,t 2 )) 



1 7T6 



lln 2 ^ 
r 



1 7re 



2 In— VCi(ti,t 2 ) 
r 



t J e 2 sin(-7re) 



1 — K 

._ln + eVCi(ti,* 2 ) 

e z sm(7re) \ e r 

_ _ln— _ ln 2 -i + eVC 2 (ti,t2,r 
t J e t \ 2 t 2 

-Iln^ + eVC^^r)) + 0(e), 



(5.4) 
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where we have used Eq. (4.6) and collected the terms according to the different analytic 
structures. 

(2) 

The parity-odd part of the two-loop gluon-production vertex, Vo (ii, ti, t, k), starts 
at 0(e _1 ) and is given by the product of Eqs. (4.3) and (4.4). 

The analytic continuation of the two-loop gluon-production vertex to the physical 
region where s, s±, S2 are positive and t\, ti are negative, may be performed as in Section 4.1. 

6. Conclusions 

In this paper we have computed the one-loop five-point amplitude in the planar M = 4 
supersymmetric Yang-Mills theory in the multi-Regge kinematics, using the calculation of 
the one-loop pentagon in I? = 6 — 2e performed in a companion paper [1]. We have 
presented in the Euclidean region (2.15) as an expression to all orders in e in terms 
of parity-even, Eq. (3.4), and parity-odd contributions, Eq. (3.8), starting at 0(e~ 2 ) and 
at 0(e), respectively. 

Using the high-energy factorisation for colour-stripped amplitudes, we have computed 
the one-loop gluon-production vertex to all orders in e in Eqs. (4.3) and (4.4). Because the 
high-energy coefficient functions and the Regge trajectory are parity-even, the parity-odd 
part of the one-loop gluon-production vertex equals the parity-odd part of the one-loop 
five-point amplitude, and thus appears at 0(e). The Laurent expansion in e through to 
0(e 2 ) is given in Eq. (4.6) for the parity-even part, and in Ref. [1] for the parity-odd 
part in terms of Goncharov's multiple polylogarithms. In Eqs. (4.7) and (4.11), we have 
continued analytically the all-orders-in-e one-loop gluon-production vertex to the physical 
region. The even-parity part may be easily expanded in e; the odd-parity part may be 
more conveniently expanded in e in terms of real M functions, as in Ref. [1]. 

The iterative structure of the two-loop five-point amplitude implied by the BDS ansatz, 
together with the high-energy factorisation, implies an iterative structure of the gluon- 
production vertex. Thus, the knowledge of the one-loop gluon-production vertex through 
to 0(e 2 ), allows us to perform the first computation of the two- loop gluon-production 
vertex through to finite terms, which we present in Eq. (5.4) as an expansion starting at 
0(e~ 4 ). The parity-odd part of the two-loop gluon-production vertex appears at 0(e _1 ) 
and is given by the product of Eqs. (4.3) and (4.4)*. 

If augmented by the soft-limit contribution to 0(e), which is as yet unknown, the 
two-loop gluon-production vertex could be used as one of the building blocks of the kernel 
of a BFKL equation at next-to-next-to-leading logarithmic (NNLL) accuracy. The other 
building blocks are the three-loop Regge trajectory [6, 30, 31, 32], the one-loop vertex for 
the emission of two gluons along the ladder (computed in [30] only for two gluons of the 
same helicity) and the tree vertex for the emission of three gluons along the ladder [33, 34]. 

*In Ref. [30] the logarithm of the gluon-production vertex has been introduced. If exponentiated, it 
yields at two-loop order the poles in e through to 0(fT ), but it misses the single poles in e, as well as the 
finite terms. Accordingly, it lacks completely the parity-odd contribution. 
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A. Multi-parton kinematics 

We consider the production of three gluons of outgoing momentum p^, with i = 3, 5 in 
the scattering between two gluons of ingoing momenta p\ and p2§- 

Using light-cone coordinates p^ = po ± p z , and complex transverse coordinates p± = 
p x + ip y , with scalar product 2p ■ q = p + q~ + p~q + — p_Lq]_ — p*j_q±, the 4-momenta are, 

P2 = (p+/2,0,0,p+/2) = (p^,0;0,0) , 

pi = (pj-/2,0,0,-p]-/2) = (0,p-;0,0) , (A.l) 
Pi = {(pf +Pi)/2,Re\p l± },lm\p t± },(p+ - P r)/2) 
= {\Pi±\e Vl ,\pi±\e~ yi ;\pi±\ cos 4>i,\pi±\ sin (pi) , 

where y is the rapidity. The first notation above is the standard representation p^ = 
(p° ,p x ,p y ,p z ), while in the second we have the + and - components on the left of the 
semicolon, and on the right the transverse components. In the following, if not differently 
stated, pi and pj are always understood to lie in the range 3 < i,j < n. The mass-shell 
condition is \pn_\ 2 =pfpj- Using momentum conservation, 

5 5 5 

o = ^>±, pt = -Y.pt' pT = -Y,Pi> ( A - 2 ) 

i=3 i=3 i=3 

the Mandelstam invariants may be written as, 

Sij = 2pi ■ pj = pfpj + p~pt - p i± p* j± - p* ± Pj± , (A.3) 

so that 

5 

s = 2pi • p 2 = Y Pi P3 ' 

5 

S2i = 2p 2 • Pi = -J^PiPt ' ( A - 4 ) 

3=3 
5 

su = 2pi • pi = - YjPtPj ■ 

^By convention we consider the scattering in the unphysical region where all momenta are taken as 
outgoing, and then we analytically continue to the physical region where p\ < and pi < 0. 
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Using the spinor representation of Ref . [33] , 



4>+(Pi 



\ 



Pi e 


V o ) 



( o \ 



i<p. 



( 



^+{P2) = i 







\ 



ip-(P2) = i 



Pi e 

V -yfpT / 
( o \ 






1p+{pl 



V / 

/ o_\ 

-Pi 



V / 



( o \ 



\ / 



for the momenta (A.l) », the spinor products are 

(21) = -yfl, 



(2i) = -u 



-P2 

Pt 



Pi± , 



[pj 





(A.5) 



(A.6) 



(ij) = Pi±\l -qr ~Pj. 
Pj 

where we have used the mass-shell condition \pi±\ 2 = pfpi • 
B. Multi-Regge kinematics 

In the multi-Regge kinematics, we require that the gluons are strongly ordered in rapidity 
and have comparable transverse momentum (2.1). This is equivalent to require a strong 
ordering of the light-cone coordinates, 



pj > pi > pi ; p 3 < p A <C p 5 . 
Momentum conservation (A. 2) then becomes 

5 

o = ^2pi± , p\ ^ -p\ , Pi ^ -pi 

i=3 



(B.l) 



(B.2) 



^The spinors of the incoming partons must be continued to negative energy after the complex conjugation, 
e.g. ip+(p 2 ) = i [yj-pt, 0, 0, 0^ 
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where the ~ sign is understood to mean "equals up to corrections of next-to-leading accu- 
racy" . The Mandelstam invariants (A. 4) are reduced to, 

s = 2pi -p2 ^pip$, 
S2i = 2p 2 - Pi ^ ~pjp7, (B.3) 
su = 2pi - pi ~ -pfps, 
Sij = 2pi ■ pj ~ pfpj i <j. 

The product of the two successive invariants S34 and S45 fixes the mass shell of gluon 4, 

S34S45 -P3PAP4P5 = \P4±fptP5 - \P4±\ 2 S- 

Thus, 

\P4±\ = • (B.4) 

The spinor products (A. 6) are, 



(21) ~ -yJp+K, 

<2i) ~ -i.Mpi-L. (B-5) 



Pi 



(u) - ~\HfPj± foryj > y,- . 

V Pj 

C. The soft limit of the one-loop five-point amplitude 

We consider the five-point amplitude of Sect. 2.2, and take the limit where the intermediate 
gluon becomes soft, P4 — > 0. In this limit, the one-loop five-point amplitude factorises 
as [19, 35], 

lim m^ loop (l,2,3,4 A ,5) = Soft tree (3, 4 A , 5) m^ loop (l, 2, 3, 5) 

+ Soft 1 - loop (3,4 A ,5)m^ rcc (l,2,3,5) (C.l) 
where the one-loop soft-gluon function, to all orders of e, is 

Soft 1 - lo °P(3,4 A ,5) = -5 2 I^i- ( V Soft trcc (3,4 A ,5) (C.2) 

e 2 sin(Tre) \ (-S34X-S45) / 

and the tree-level soft function is 

Soft t -(3,4+,5) = ^||^. (C.3) 

For the MHV amplitude we are considering, the soft limit for a negative helicity gluon is 
trivial and is obtained from this by helicity reversal. In the multi-Regge kinematics (2.15), 
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s 35 = s i then, using the on-shell condition (2.16) and the normalisation of Eq. (2.21), the 
soft-gluon limit of the one-loop five-point coefficient becomes 

hmm( 1) (l,2,3,4,5)=mi 1) (l,2,3,5)-i-4^f^ , (C.4) 
P4^o ° e A sm(7re) \— kJ 

where we have factored out 

lim rr4 0) (l,2,3,4 A ,5) = mf \l, 2, 3, 5)Soft trcc (3, 4 A , 5) . (C.5) 

P4~*0 

In addition, in the soft limit of gluon 4, we can write the one-loop coefficient (2.22) as, 

lim (1, 2, 3, 4, 5) = (1, 2, 3, 5) + a (1) (t) In ^ + lim (t, t, r, k) , (C.6) 
with t\ =t2 = t and 

m « = (t) In — + 2 C« (t, r) . (C.7) 
r 

Equating Eqs. (C.4) and (C.6) and using Eqs. (2.20) and (2.23), we obtain the soft limit 
of the one-loop gluon-production vertex, to all orders of e [18], 

lini y (1) (t,t,r, k) = -1 - H (£Vln^ , (C.8) 

k^o sm(7re) e \ t / r 

with 

=r(l + e)r(l- e ) = l + C 2 e 2 + ^C46 4 + ^C6e 6 + --- 
sm(7re) 4 16 

00 2 2n ~ 1 — 1 

= ^ c n e 2n , with c = 1, c„ = 2(n _ 1} C2n • (C.9) 

n=0 
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